In recent years, A. Grigor'yan, Y. Lin, Y. Muranov and S.T. Yau [6, 7, 8, 9] constructed a path homology theory for digraphs. Later, S. Chowdhury and F. Mémoli [3] studied the persistent path homology for directed networks. In this paper, we generalize the path homology theory for digraphs and construct a weighted path homology for weighted digraphs. We study the persistent weighted path homology for weighted digraphs and detect the effects of the weights on the persistent weighted path homology. We prove a persistent version of a Künnethtype formula for joins of weighted digraphs.
Introduction
Directed graphs, or digraphs for short, is an important mathematical model for describing complex networks in information science. A digraph G is a pair (V, E) where V is a set, and E is a subset of all the ordered pairs (u, v) ∈ V × V such that u = v. Note that (u, v) ∈ E implies that u, v are distinct. The elements in V are called vertices and the elements in E are called directed edges. Throughout this paper, we assume that V is finite, thus E is finite as well.
So far, various approaches to construct (co)homology theories for digraphs have been studied. For example, D. Happel [16] studied the Hochschild homology of finite dimensional algebras, which can be applied to the path algebra of digraphs. However, it was shown in [16] that the Hochschild homologies of order greater than one are trivial, which makes this approach less attractive. Another example is that the homologies constructed by H. Barcelo in [1] can be applied to digraphs. However, these homologies may not be functorial with respect to morphisms of digraphs.
In recent years, A. Grigor'yan, Y. Lin, Y. Muranov and S.T. Yau [6, 7, 8, 9] constructed a path homology theory for digraphs. They construct a chain complex by taking certain linear combinations of all the paths (called allowed elementary paths) on the digraphs, along with the directions of the edges. For k ≥ 0, the face maps d k are given by deleting the k-th single vertice in the paths, and the boundary maps are the alternating sums of the d k 's. By the examples in [6, 9] , the path homology of digraphs is highly non-trivial. Moreover, it is proved in [7] that the path homology is functorial with respect to morphisms of digraphs, and is invariant up to certain homotopy relations of these morphisms.
Based on the path homology theory given in [6, 7, 8, 9] , some Künneth formulas have been proved by A. Grigor'yan, Y. Muranov and S.T. Yau in [10] , and a path homology theory for hypergraphs has been constructed by A. Grigor'yan, R. Jimenez, Y. Muranov and S.T. Yau in [5] . Moreover, as applications of the path homology theory, the persistent path homology for directed networks has been investigated by S. Chowdhury and F. Mémoli in [3] .
On the other hand, the homology theory of simplicial complexes has been generalized to weighted homology theory for weighted simplicial complexes by R.J. MacG. Dawson [4] in 1990, and later studied by D. Horak and J. Jost [12] , S. Ren, C. Wu and J. Wu [13, 14] , etc. Given an (abstract) simplicial complex, one may assign a weight w(i) to each vertex i, then define the weighted boundary operators as the linear combination k≥0 (−1) k w(i k )d k (1.1) where i k is the k-th vertex of a simplex. It is proved in [4, 12, 14] that the graded free module generated by the simplices equipped with the the weighted boundary operators gives a chain complex. Hence the weighted homology is well-defined.
In this paper, we borrow the idea of weighted homology to generalize the path homology theory of digraphs. We construct a weighted path homology theory for weighted digraphs and study the persistence. We prove a Künneth-type formula for the weighted path homology of joins of weighted digraphs.
For each vertex i in a digraph G, we assign a weight w(i). We define the weighted boundary operators formally as the linear combination (1.1) where i k is the k-th vertex of a path and d k is the face map deleting the k-th vertex of a path. In Section 3, we prove that the weighted path homology is well-defined and is functorial up to morphisms of weighted digraphs. In Section 4, we study the persistence of weighted path homology. We give an isomorphism result for the persistent weighted path homology in Theorem 4.1. We prove in Theorem 4.2 that with field coefficients, the persistent weighted path homology is the same as the usual persistent path homology studied in [3] ; and we give some examples Subsection 4.3 to show that with integral coefficients, the persistent weighted path homology depends on the weights. Finally, in Section 5, we prove a persistent version of the Künneth-type formula for the weighted path homology of joins of weighted digraphs.
Preliminaries: path homology of digraphs
In this section, we review some backgrounds in [6, 7] about paths on digraphs, the path homology groups of digraphs, morphisms of digraphs, and the induced homomorphisms of path homology groups. We make a slight generalization of [6, 7] by taking the coefficients in a commutative ring R with unit, instead of in a field.
Paths on finite sets and chain complexes
Let V be a nonempty finite set whose elements will be called vertices. For any integer p ≥ −1, an elementary p-path on V is an (ordered) sequence {i k } p k=0 consisting of p + 1 vertices in V . For convenience, {i k } p k=0 will be alternatively denoted as e i0···ip . An elementary (−1)-path on V is defined as the empty set ∅. An elementary p-path e i0···ip on a set V is called regular if i k = i k+1 for all k = 0, · · · , p − 1, and non-regular otherwise.
Let R be a commutative ring with unit. Consider the free R-module Λ p (V ) consisting of all the formal linear combinations of elementary p-paths on V with coefficients in R. The elements of
where v i0···ip ∈ R are the coefficients in R. For example, Λ 0 (V ) consists of all the linear combinations of the elements e i where i ∈ V , Λ 1 (V ) consists of all the linear combinations of the elements e ij where (i, j) ∈ V × V , and so on. Note that Λ −1 (V ) consists of all multiples of the unit e ∈ R so that Λ −1 (V ) = R. For any p 0, we define the boundary operator
are the face maps, and i q means omission of the vertex i q . For example,
We extends ∂ linearly over R and obtain the map (2.1). It follows from [6, Section 2.1] that ∂ 2 = 0. For each p ≥ −1, let R p (V ) be the sub-R-module of Λ p (V ) generated by all the regular elementary p-paths, and let I p (V ) be the sub-R-module of Λ p (V ) generated by all the non-regular elementary p-paths. By [6, Section 2.3], we have the R-module isomorphism
By [6, Lemma 2.9], the boundary operator (2.1) induces a boundary operator on Λ p (V )/I p (V ). By the isomorphism (2.2), we have an induced boundary operator
as the pull-back of the boundary operator on Λ p (V )/I p (V ). Consequently, (2.3) gives a chain complex
In the remaining part of this paper, we always use ∂ to denote the boundary operator of the chain complex (2.4) if there is no extra claim.
Paths on digraphs and the path homology
be the free R-module generated by all the allowed elementary p-paths in G. Then 
The truncated version of (2.5) is the chain complex by replacing Ω 0 (G)
5). The homology groups
of the truncated version of (2.5) are called the path homology groups of the digraph G (cf. [6, Definition 3.12] ). As a concrete example, the construction of the chain complex (2.5) and the calculation of the path homology of digraphs are illustrated in [3, Example 10].
Morphisms of digraphs and induced homomorphisms between path homologies
We write such a morphism as f :
With the help of the isomorphism (2.2), we have that (2.7) induces a morphism of R-modules
Let ∂ and ∂ ′ be the boundary operators of R * (V ) and R * (V ′ ) respectively. It follows from a straight-forward calculation that
Hence f # is a chain map. Moreover, by [7, Theorem 2.10], the restriction of f # gives a chain map
which sends an allowed elementary p-path e i0···ip to e f (i0)···f (ip) whenever e f (i0)···f (ip) is regular, and sends the allowed elementary p-path e i0···ip to 0 otherwise (whenever e f (i0)···f (ip) is non-regular). Therefore, (2.10) induces a homomorphism between the path homologies
Weighted path homology of weighted digraphs
In this section, we generalize the path homology of digraphs in [6] and construct a weighted path homology for weighted digraphs. We define morphisms of weighted digraphs. As a generalization of [7, Theorem 2.1], we prove that such a morphism induces homomorphisms between the weighted path homologies, in Theorem 3.6.
The construction of weighted path homology
Let G = (V, E) be a digraph. Let R be a commutative ring with unit.
We call G equipped with w a weighted digraph and denote the couple as (G, w).
Let w be a weight on G. We define the weighted boundary operator
and extending linearly over R. The next lemma follows from a straight-forward calculation.
Proof. Let e i0...ip be an elementary p-path. Then
After switching r and q in the sums, we see that the two sums in the last equality cancel out. Hence
The lemma is proved.
The next lemma is a generalization of [6, Lemma 2.9] (a).
Proof. Without loss of generality, we may assume p ≥ 1. Similar with the proof of [6, Lemma 2.9] (a), it suffices to prove that if e i0···ip = 0 mod
Then
Since w is non-vanishing, w(i r ) = 0 for each 0 ≤ r ≤ p and r = k, k + 1. Hence by (3.2), ∂ w e i0···tp is non-regular as well. The lemma follows.
In the remaining part of this paper, we assume that w is non-vanishing on V without extra claims. By Lemma 3.2, the weighted boundary operator (3.1) induces a weighted boundary operator on Λ p (V )/I p (V ). By the isomorphism (2.2), we have an induced weighted boundary operator
as the pull-back of the weighted boundary operator on
We consider the sub-R-module
We define the weighted path homology of the weighted digraph (G, w) as the homology groups of the truncated version of (3.6):
It follows from (3.5) and (3.7) that
Finally, we give an alternative construction for the weighted path homology. We consider the chain complex {R * (V ), ∂ w } given in (3.4 ) and its graded sub-R-module A w * (G). We let
It can be proved that {Γ w * (G), ∂ w } is a chain complex, whose homology is isomorphic to the weighted path homology H * (G, w; R). In fact, we have the following proposition.
Proof. The proof follows by applying [2, Section 2] to the graded sub-R-module A w * (G) in the chain complex {R * (V ), ∂ w }. The infimum chain complex is Ω w * (G), and the supremum chain complex is Γ w * (G). By [2, Proposition 2.4], the canonical inclusion ι induces an isomorphism in homology.
By Proposition 3.3, the weighted path homology of a weighted digraph (G, w) can be constructed either as the homology of Ω w * (G) or as the homology of Γ w * (G)
Morphisms of weighted digraphs and induced homomorphisms between weighted path homologies
Let w be a weight on V and w ′ be a weight on V ′ . Then we have weighted digraphs (G, w) and (G ′ , w ′ ).
.
is a morphism of weighted digraphs. The next lemma is a generalization of (2.9).
Hence (2.8) gives a chain map between the chain complexes
Proof. Since f # is canonically induced from f ### , it suffices to prove that f ### in (2.6) is a chain map with respect to the weighted boundary operators ∂ w and ∂ ′ w ′ . Let e i0···ip be an elementary
Therefore, f ### in (2.6) is a chain map with respect to the weighted boundary operators ∂ w and ∂ ′ w ′ . Thus f # is a chain map as well.
The next lemma, which is a genralization of (2.10), follows from Lemma 3.4.
Proof. By a similar argument of [7, (2.10) in the proof of Theorem 2.10], we have
In fact, for any v ∈ Ω w p (G), we have v ∈ A p (G) and ∂ w v ∈ A p−1 (G). Hence f # (v) ∈ A p (G ′ ) and by Lemma 3.4,
Consequently, v ∈ Ω w ′ p (G ′ ) and we obtain (3.9). Hence the restriction of f # to Ω w * (G) is a chain map with respect to the weighted boundary operators ∂ w and ∂ ′ w ′ .
Remark 1: Similarly to the proof of Lemma 3.5, we can obtain the following statement: restricted to the sub-chain complexes Γ w * (G) and
With the help of Lemma 3.5, we have the next theorem, which is a generalization of (2.11).
Theorem 3.6. Let (G, w) and (G ′ , w ′ ) be two weighted digraphs. Let f : (G, w) −→ (G ′ , w ′ ) be a morphism of weighted digraphs. Then f induces a homomorphism between the weighted path homologies
By the definition of the weighted path homology (3.7) of weighted digraphs, the homomorphism (3.11) gives (3.10).
Remark 2: Theorem 3.6 can be alternatively proved by applying Remark 1 instead of applying Lemma 3.5.
Finally, as supplements to Theorem 3.6, we list some properties of the induced homomorphisms between the weighted path homologies:
(I). the identity morphism id from a weighted digraph (G, w) to itself induces the identity map id * on H * (G, w; R);
(II). given two morphisms f :
Proof of (I) and (II). The identity map id of the weighted digraph (G, w), where G = (V, E), induces the identity map id # on the chain complex {R * (V ), ∂ w }. And the restriction of id # on the sub-chain complex Ω w * (G) induces the identity map on the weighted path homology. We obtain (I).
Suppose
And (g • f ) ### induces a chain map
which gives the restriction to sub-chain complexes
The chain map (g • f ) # in (3.12) induces a homomorphism in homology
Thus we obtain (II).
Persistent weighted path homology
In this section, we discuss the persistent weighted path homology of weighted digraphs and morphisms of weighted digraphs, with ring coefficients. We prove an isomorphism of the persistent weighted path homology in Theorem 4.1. In addition, if the coefficients of the homology are in a field, then we also prove that the persistent weighted homology does not depend on the weights, in Theorem 4.2. Thus with field coefficients, the persistent weighted path homology is the same as the usual persistent path homology studied in [3] . Moreover, we give some examples in Subsection 4.3.
The inclusion of persistence complexes induces the identity map of persistent weighted homology
Let n = 1, 2, . . .. We consider a finite or countable sequence of weighted digraphs (G n , w n ), together with a sequence of morphisms of weighted digraphs f n : (G n , w n ) −→ (G n+1 , w n+1 ). Then by Lemma 3.5, we have a persistence complex (we refer to [15, Defiition 3.1] for the definition of persistence complexes)
And by Remark 1, we have a persistence complex
Each entry Ω wn p (G n ) in the first persistence complex is a sub-R-module of the corresponding entry Γ wn p (G n ) in the second persistence complex, for any p ≥ 0 and any n ≥ 1. Hence by embedding each Ω wn p (G n ) as a subspace of Γ wn p (G n ) via the canonical inclusion ι n , we get a canonical inclusion (ι 1 , ι 2 , . . .) from the first persistence complex into the second persistence complex.
By Theorem 3.6 and Remark 2, for each p ≥ 0, each of the above persistence complexes induces a persistence R-module (we refer to [15, Defiition 3.2] for the definition of persistence modules)
We call the persistence R-module (4.1) the persistent weighted path homology. We notice that (4.1) is of finite type since V is a finite set.
Theorem 4.1. The canonical inclusion (ι 1 , ι 2 , . . .) of the first persistence complex Ω w * (G * ) into the second persistence complex Γ w * (G * ) induces the identity map from the persistence R-module (4.1) to itself.
Proof. By Proposition 3.3, the canonical inclusion
. ., induces an isomorphism of the weighted path homologies
Thus to prove Theorem 4.1, it only suffices to prove that for any morphism of weighted digraphs
where G n = (V n , E n ) and G n+1 = (V n+1 , E n+1 ), the restriction of the chain map
to the sub-chain complex Ω wn * (G n ), and the restriction of (4.2) to the sub-chain complex Γ wn * (G n ), induce the same homomorphism in weighted path homologies
We have a commutative diagram of chain complexes and chain maps
By taking the homologies in the commutative diagram, since both (ι n ) * and (ι n+1 ) * are isomorphisms in homologies, it follows that
and (f n ) # | Γ wn * (Gn)
induce the same homomorphism (4.3) in weighted path homologies. The proof follows.
A particular family of sequences of morphisms of weighted digraphs is the filtrations. Precisely, a filtration of weighted digraphs is a sequence of graphs
where for any n = 1, 2, · · · , G n = (V n , E n ), together with the non-vanishing functions
and the induced weights
Here in (4.4), the subset relation G n ⊆ G n+1 means both V n ⊆ V n+1 and E n ⊆ E n+1 . As particular cases, both of the persistence module (4.1) and Theorem 4.1 hold for filtrations of weighted digraphs.
Persistent homology with field coefficients is independent on weights
Suppose R is a field F. Let n = 1, 2, . . .. Let (G n , w n ) be a finite or countable sequence of weighted digraphs, together with a sequence of morphisms of weighted digraphs f n : (G n , w n ) −→ (G n+1 , w n+1 ). We have the next theorem.
Theorem 4.2. The persistent weighted path homology
is independent on the choices of the weights w n , n = 1, 2, . . ..
We first prove some lemmas before proving Theorem 4.2. by setting
By a similar calculation with the proof of [13, Lemma 5.1], it follows that ϕ is well-defined, and is an isomorphism of vector spaces over F. Hence we obtain (i). The proof of (ii) is similar with [13, Lemma 5.2]. We construct a map
by setting
for any elementary (p+1)-path e i0···ip+1 on V , and extending linearly over F. By a similar argument with the proof of [13, Lemma 5.2], it follows that ϕ is a linear isomorphism of vector spaces over F. Hence we obtain (ii). 
Proof. By (4.6) and (4.8),
Hence by restricting ϕ in (4.7) to the subspace A p (G) ∩ Ker(∂ p ), we obtain an isomorphism of vector spaces over F
We obtain (i). On the other hand, for any elementary (p + 1)-path e i0···ip+1 on V ,
Moreover, ψ in (4.9) sends ∂ p+1 A p+1 (G) isomorphically to ∂ w p+1 A p+1 (G). Hence by restricting ψ in (4.9) to the subspace A p (G) ∩ ∂ p+1 A p+1 (G), we obtain an isomorphism of vector spaces over F
We obtain (ii). Proof of Theorem 4.2. Suppose G n = (V n , E n ) for each n ≥ 1. Let ∂ * (n) and ∂ w * (n) be the usual (unweighted) boundary operators and the weighted boundary operators with respect to w n respectively, for the chain complex R * (V n ). For each p ≥ 0, we have the following two commutative diagrams
ϕ| Ap (Gn )∩Ker(∂p (n))
Therefore, for any p ≥ 0, we have the induced commutative diagram
Consequently, the weighted path homologies H p (G n , w n ; F) and H p (G n+1 , w n+1 ; F) as well as the homomorphism (f n ) * do not depend on the choices of w n and w n+1 . Theorem 4.2 follows.
Let all the morphisms f n , n = 1, 2, . . ., be the identity map in Theorem 4.2. Then the persistent weighted path homology (4.5) reduces to the usual weighted path homology. We obtain the next corollary.
Corollary 4.5. Let G be a vertex weighted directed graph with all weights of vertices nonzero, no loops or double-directed edges. Let ∂ : Ω n+1 → Ω n and ∂ w : Ω w n+1 → Ω w n (n 0)denote the usual unweighted boundary operator and the weighted boundary operator respectively. Then H n (G) ∼ = H n (G, w) (n 0) as R = F is a field.
Some examples
In Theorem 4.2, it is proved that the persistent weighted path homology with coefficients in a field F does not depend on the weights. Nevertheless, if we choose the coefficients in a general ring R, then the persistent weighted path homology will depend on the weights. In this subsection, we give some examples to illustrate the effects of the weights on the persistent weighted path homology.
Example 4.6. Let V = {i 0 , i 1 , i 2 }, E 1 = {(i 0 , i 1 )} and E 2 = {(i 0 , i 1 ), (i 1 , i 2 )}. Let G 1 = (V, E 1 ) and G 2 = (V, E 2 ). A weight on both G 1 and G 2 is given by a non-vanishing function w : V −→ Z \ {0}. We take the morphism of weighted digraphs as the canonical inclusion ι : (G 1 , w) −→ (G 2 , w).
We have R 0 (V ) = Z(e i0 , e i1 , e i2 ),
Here Z( * ) denotes the free Z-module generated by the set * . The weighted boundary operator is given by
Moreover,
A 0 (G 1 ) = Z(e i0 , e i1 , e i2 ),
and A 0 (G 2 ) = Z(e i0 , e i1 , e i2 ),
Consequently,
and
,
Therefore, H 0 (G 1 , w; Z) = Z(e i0 , e i1 , e i2 )/Z(w(i 0 )e i1 − w(i 1 )e i0 ) ∼ = Z ⊕ Z ⊕ (Z/gcd{w(i 0 ), w(i 1 )}); (4.12)
;
The induced homomorphism of ι in the 0-dimensional weighted path homology is the epimorphism modulo the Z-module Z(w(i 1 )e i2 − w(i 2 )e i1 ).
The isomorphism (4.12) is obtained as follows. We choose integers a and b such that
Then we have the invertible matrix
It follows that Z(e i0 , e i1 ) = Z w(i 0 ) gcd{w(i 0 ), w(i 1 )} e i1 − w(i 1 ) gcd{w(i 0 ), w(i 1 )} e i0 , be i1 + ae i0 .
Hence we obtain (4.12).
Example 4.7. Let (G 1 , w) and (G 2 , w) be the weighted digraphs given in Example 4.6. Suppose in addition that w(i 1 ) = w(i 2 ). We consider a morphism of weighted digraphs f : (G 2 , w) −→ (G 1 , w) given by
Then the induced homomorphism of f in the 0-dimensional weighted path homology is the canonical epimorphism f * : Z(e i0 , e i1 , e i2 )/Z(w(i 0 )e i1 − w(i 1 )e i0 , w(i 1 )e i2 − w(i 2 )e i1 ) −→ Z(e i0 , e i1 )/Z(w(i 0 )e i1 − w(i 1 )e i0 ).
Weighted path homologies for joins of weighted digraphs and persistence
In this section, we prove the product rule for concatenations of weighted paths. Consequently, we give a Künneth-type formula for the weighted path homologies for joins of weighted digraphs in Theorem 5.3, as well as a persistent version in Theorem 5.4. Throughout this section, we assume that R is a principal ideal domain.
Weighted path homologies for joins of weighted digraphs
Let (G, w) and (G ′ , w ′ ) be two weighted digraphs where G = (V, E) and G ′ = (V ′ , E ′ ). Suppose V and V ′ are disjoint. Then E and E ′ are disjoint as well. We define the join of (G, w) and (G ′ , w ′ ) as the weighted digraph (G * G ′ , w * w ′ ) by the followings:
• the set of vertices of the digraph G * G ′ is V ⊔ V ′ ;
• the set of directed edges of the digraph G * G ′ is E ⊔ E ′ ⊔ {(i, j) | i ∈ V, j ∈ V ′ };
• the weight w * w ′ on the digraph G * G ′ is given by
(5.1)
We point that our definition of joins of weighted digraphs is just a weighted version of [6, Definition 6.1]. Let e i0···ip be an elementary p-path on V and e j0···jq be an elementary q-path on V ′ . Then we have a (p + q + 1)-path e i0···ipj0···jq on V ⊔ V ′ , which will be alternatively denoted as e i0···ip e j0···jq , and called the concatenation. By extending the concatenation bilinearly over the ring R, we can define the concatenation as an R-linear map
where the tensor product is over R. It can be proved that µ in (5.2) is injective. The next lemma gives a product rule, which is a weighted version of [6, Lemma 2.6]. (−1) p+r+1 w ′ (j r )e i0···ipj0··· jr ···jq = (∂ w e i0···ip )e j0···jq + (−1) p+1 e i0···ip (∂ ′ w ′ e j0···jq ).
